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Abstract
In this paper, we give a new reverse Hilbert-type inequality with a best constant factor and some parameters. As application, we
consider the equivalent form and some particular results.
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1. Introduction
If p > 1, 1/p + 1/q = 1, an, bn  0 such that 0 <∑∞n=1 apn < ∞ and 0 <∑∞n=1 bqn < ∞, then the well-known










































where the constant factors are all the best possible [1]. These inequalities attracted some attention in the recent years.
Actually, inequalities (1.1) and (1.2) have many generalizations and variants. (1.1) has been strengthened by Yang et
al. In 2006 Yang gave an extension of [2] as follows:
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In 2007 Xie gave a new Hilbert-type inequality [3] as follows:







(nμ + a2mμ)(nμ + b2mμ)(nμ + a2mμ)
<
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Meanwhile, Xu [4] gave two extensions of (1.1) as follows:













































































The main objective of this paper is to build a new reverse Hilbert’s inequality with a best constant factor and some
parameters.
In the following, we always suppose that
(1) 0 < p < 1, 1/p + 1/q = 1, r > 1, 1/r + 1/s = 1, t ∈ [0,1], (2 − min{r, s})t < λ < (2 − min{r, s})t + min{r, s}.
(2) u(x), v(x) are differentiable strictly increasing in (0,∞), satisfying u′(x)/(u(x))α and v′(x)/(v(x))α (α  0) are
strictly decreasing in (0,∞).
(3) u(n) = un, u(n0) = u0, un0−1 = vm0−1 = 0, u(∞) = ∞, v(∞) = ∞, u′(n) = u′n, v(m) = vm, v(m0) = v0,
v′(m) = v′m.
(4) Both {u′n/u(s−st+2t−λ)/sn } and {v′m/v(r−rt+2t−λ)/rm } are strict decreasing.
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(1 + σ)λ dσ = B
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(1 + u)λ du = B
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u−1+[(s−2)t+λ]/s du = s
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Lemma 2.2. If the function τ(x) satisfies the conditions of u(x) or v(x), τn = τ(n), τ ′n = τ ′(n), and k > 1, then for






















































+ O˜(1)(k → 1+). 

































































































K is defined by Lemma 2.1, both constant factors, K and (K)p are the best possible, inequalities (2.6) and (2.7) are
equivalent.
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By Lemma 2.2, we have K H (ε → 0+). This contracts the fact that H > K .















































































n < ∞, then (2.11)


























































As 0 < {∑∞n=n0 uq(1−t+ 2t−λs )−1n (u′n)q−1 bqn} 1q < ∞, by (2.7), both (2.11) and (2.12) take the form of strict inequality, and we
have (2.6).
If the constant factor in (2.7) is not the best possible, then by (2.12), we may get a contradiction that the constant
factor in (2.6) is not the best possible. Thus we complete the proof of the theorem. 
1160 Z.T. Xie / J. Math. Anal. Appl. 343 (2008) 1154–1160Similarly, under the similar assumption of Theorem 2.1, but p > 1, we have








































































K is defined by Lemma 2.2, both constant factors, K and Kp , are the best possible, inequalities (2.13) and (2.14) are
equivalent.
The proof of Theorem 2.2 is similar to that of Theorem 2.1, and we omit it.
3. Remarks






























(2) For un = nλ2 , vm = mλ1 in (3.1), one has (1.5).
(3) For un = λ2 lnn, vm = λ1 lnm in (3.1), one has (1.6).
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